Abstract. The vibrational levels of diatomic molecules via Morse potentials are studied by means of the system confined in a spherical box of radius . It is shown that there exists a critical radius cr at which the spectrum of the usual unbounded system can be calculated to any desired accuracy. The results are compared with those of Morse's classical solution which is based on the assumption that the domain of the internuclear distance r includes the unphysical region (−∞, 0). By determining numerically exact lower and upper bounds for the energy eigenvalues of Li 2 molecule, it is deduced here that Morse's approach is perfect and gives very impressive results.
Introduction
The radial part of the wave equation for the nuclear motion of a diatomic molecule of nuclear masses M 1 and M 2 is the Schrödinger equation for a long time [1] . A review of Morse potential problems is, however, outside the scope of this paper, and the importance of the subject for both theory and applications in quantum mechanics may be found in the literature [2] [3] [4] [5] [6] [7] . Instead of the usual form of the Schrödinger equation in (1.1) it is sometimes of importance to study an enclosed quantum-mechanical system due to its various applications in several fields. A model of this type consists of truncating the infinite domain of the wavefunction, and, hence, dealing with the problem over a bounded region. It is interesting to note that such a bounded system has been used for some time as a powerful method to determine the spectrum of the usual Schrödinger equation with asymptotic boundary conditions. Actually, in the preceding articles of the present author and his co-workers, the truncated interval approach has been applied very effectively in solving both symmetrical [8, 9] and asymmetrical [9, 10] quantum problems in one dimension as well as nonseparable [11, 12] and isotropic [13, 14] potentials in two and N dimensions, respectively. More recently, Aquino [15] used the same approximation to compute the energy levels of the three-dimensional isotropic harmonic oscillator and the hydrogen atom for which the exact eigenvalues are known analytically in the unbounded interval. In fact, more accurate results
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than those presented by Aquino [15] were reported in [13, 14] as well, not only for the harmonic oscillator but also for more general polynomial potentials.
In accordance with this method we consider the confined Morse potential bounded by an infinitely high potential at r = , where the eigenvalue problem in (1.1) will be defined on a finite interval, r ∈ [0, ]. It is well known that the Schrödinger operator for anharmonic oscillators and well potentials possesses only a discrete spectrum with an enumerable infinite set of eigenstates. Similarly, the corresponding enclosed systems have again spectral properties of this kind. In contrast, the number of discrete states of the Morse potential is finite whereas it becomes infinite when the confinement is introduced. Thus, there is a discrepancy in the number of discrete states of the confined and nonconfined Morse potentials. This work is also motivated by this fact which makes it possible to understand whether this discrepancy affects the numerical performance of the truncated interval approach in computing the eigenvalues of the original problem.
Transforming the dependent variable from R(r) to (r)/r and the independent variable from r to ar, we see that equation (1.1) becomes
If we further introduce the frequency
of classical small vibrations about the equilibrium position r = r 0 and express the energy parameters in unithω 0 , i.e.
it is now more convenient to write the eigenvalue problem in the rescaled form
where
The parameters , r 0 and a will be chosen empirically, or otherwise, to characterize a specific molecule. First of all, it is useful to briefly recall Morse's analytical solution for the interval r ∈ (−∞, ∞). Letting u = e −(r−ar 0 ) we transform (1.6) into the form
where the boundary conditions again read as
In fact, equation (1.8) is nothing but the two-dimensional electronic Schrödinger equation for the hydrogen atom which admits exact solutions of the form
for n = 0, 1, . . ., where the L (2ν) n stand for the associated Laguerre polynomials, and C is some normalization constant [16] . Note that this is the two-dimensional version of the hydrogenic eigensolutions given usually in three dimensions.
The solution of (1.11a) for ν in conjunction with (1.9) gives the results
where the positive values of ν are acceptable in order to satisfy the condition at u = 0. Therefore, we reject the case of ν (1) and find, from the first equation in (1.9) , that 13) and that
assuring the discrete eigenvalues of the Morse potential lie between − and zero. The positive integer K + 1 denotes the number of bound states which is finite. Clearly, if < 1 4 then the problem has no discrete eigenvalues from the viewpoint of Morse's approximation. Morse's analytical solution so determined is quite informative on the spectral properties. Nevertheless, the inclusion of the unphysical region −∞ < r < 0 raises a question about the numerical performance of the simple formula in (1.13). In section 2, we present a closed formal solution in terms of the confluent hypergeometric function for the physical domain 0 r < ∞. Furthermore, in section 3 we formulate the Dirichlet and von Neumann boundary value problems over a truncated interval of r, r ∈ [0, ], for the Schrödinger equation (1.6) . In this way, we generate converging upper and lower bounds to the eigenvalues of the nonconfined system [10, 12] . The last section is devoted to the discussion of the specimen numerical applications and the concluding remarks.
A formal explicit analytic solution
Starting with Morse's substitution u = e −(r−ar 0 ) , we rewrite equation (1.8) of the form
in the true physical domain e and proposing a solution of the type
we find that the differential equation satisfied by y(ξ ) is
On the other hand, the boundary conditions imply that
and y(0) is bounded providing ν > 0. Fortunately, (2.4) is the Kummer's equation [17] having a regular solution,
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which remains finite at ξ = 0. In (2.6), C is a normalization factor, and 1 F 1 (α; β; ξ) denotes the confluent hypergeometric function. The condition at ξ = 4 e ar 0 gives the relation
to determine proper values of ν, so that the eigenvalues E of the problem. It should be noticed that the double inequality − < E < 0 specifies the range of ν values required. In principle, we can find a finite number of distinct roots for (2.7) such that
and obtain, from the first relation in (1.9), the discrete eigenvalues of the Morse potential
with the corresponding eigenfunctions
It is shown that (2.10) expresses an explicit analytic solution in terms of a well known special function of mathematical physics. A similar exact solution for the vibrational levels of the Morse potential was also introduced in [18] . However, the roots ν n of (2.7) cannot be obtained explicitly whose computation is a matter of numerical analysis. Actually, the confluent hypergeometric function in (2.7) is an infinite series containing rational functions of ν. Perhaps it might have been truncated, or its suitable asymptotic expansions might have been used to determine the roots ν n . When the series is truncated, it seems that it is possible to reduce (2.7) to a polynomial equation in ν, with very complicated coefficients depending on the potential parameters. Even in this approximation, we encounter the problem of finding the roots of a polynomial of an arbitrarily high degree, which is still not preferable to matrix diagonalization. Hence, we use the name formal for the eigensolutions in (2.7) and (2.10), which are not at all practical in computing the eigenvalues of the system to any desired accuracy. Further comments are given in the last section.
The truncated interval approach
According to the approximation mentioned in the introduction, the actual domain r ∈ [0, ∞) of the Schrödinger equation (1.6) is truncated to r ∈ [0, ], and the Dirichlet conditions (0) = ( ) = 0 are taken into account. The normalized sequence of functions
comprises a basis over the truncated interval of r. Thus, if we expand the wavefunction into a series of the φ k (r), the differential equation (1.6) can be converted to the matrix eigenvalue problem
with
where the c m and δ km are the expansion coefficients and the Kronecker delta, respectively. The matrix representation of the potential V (r) in (3.3) may be denoted by V km and be evaluated analytically. Indeed, we see that
The eigenvalues of (3.2) provide us upper bounds for the eigenvalues of the relevant Schrödinger equation, depending on the boundary parameter . From the physical viewpoint, as the original problem is three-dimensional we have assumed the confinement of the molecule in a sphere of radius , which is equivalent to the assumption made by LeyKoo et al [2] . Nevertheless, the accuracy of the results may not always be guaranteed solely by the upper bound evaluations. Moreover, in the case of the von Neumann boundary conditions, where (0) = ( ) = 0, the use of the orthonormal basis
again leads to a standard matrix eigenvalue problem of form (3.2) yielding lower bounds to E [12] . Now the matrix elements are given by
in which the contribution of the potential energy is expressible as
As a matter of fact, regarding as a nonlinear optimization parameter [10, 12] , we have an occasion of determining two-sided bounds to the eigenvalues of the nonconfined system and, hence, numerically exact results for the Morse potential. In 
Discussion
In this paper, the vibrational energy levels for the nuclear motion of a diatomic molecule have been examined both analytically and numerically. Extremely accurate results are presented for a specimen electronic state of the Li 2 molecule only, without any loss of generality, as the other states and molecules could be treated in a similar way. By means of the lower and upper bounds formulation in section 3, the eigenvalues of the Morse potential are recorded to about 30 significant figures, showing that the truncated interval approach can be applied equally well to a problem having different spectral properties than those of anharmonic oscillators and well potentials considered in our previous studies [9, 12] . Perhaps such an accuracy may be regarded as being extreme in present day molecular spectroscopy as the initial data are known up to a few figures. From the methodological point of view, however, it is important to predict the capability and limitations of an algorithm being developed. In our tables, n is the quantum number, and N stands for the order of the truncated variational matrices in (3.3) and (3.7). The boundary parameter at which the required precision for the unbounded energies can be achieved, are denoted by cr and included in table 1. It is shown from tables 1 and 2 that Morse's solution recalled in the introduction yields absolutely the correct results to the accuracy quoted. Hence Morse's original assumption of including the unphysical portion −∞ < r < 0 of the domain does not result in any deviation from the correct eigenvalues representing the physical domain.
The last comment is a contradiction to the conclusion of [2] . The rescaled potential parameters = 34.997, r 0 = 3.108 21, and a = 0.616 used here are those of Ley-Koo et al [2] , which clearly make a direct comparison possible. First, however, we observe surprisingly that the eigenvalues tabulated as Morse's results in [2] are inaccurate (table 2) . We do not understand indeed why this is so, since the calculations can be realized by the very simple formula in (1.13). The mistake is perhaps caused by a misinterpretation, or otherwise, of the classical Morse's solution. Unfortunately, the associated remarks throughout [2] about the justification of Morse's approximation are meaningless because of this fatal error.
Secondly, we perceive that the authors of [2] are at fault in saying that 'the radius of spherical box 31.74 and matrices of 600 × 600 assure convergence and accuracy to the number of digits indicated'. In fact, the inspection of table 1 shows that the results in [2] are accurate only to about 11 decimal places, the last five being incorrect. Note that there is no uncertainty in our results since exact two-sided bounds are presented. Therefore, the same eigenvalues have been calculated in this study correctly up to their 30 digits by the diagonalization of at most 150 × 150 matrices as the parameter varies from 3.25 to 4.60, depending on n. The importance of this remark is that the crucial point of truncating the unbounded domain lies in the determination of a proper size of the confinement, which we call it the critical radius cr . Since the eigenvalues, E = E n ( ) say, of a confined system are asymptotic to those of the corresponding nonconfined system, one should never conclude that much better results could be accomplished for much larger values of [19] . As a typical example, we illustrate in table 3 how the value of cr = 3.25 for E 0 can be specified by exploiting the lower and upper bounds calculations. It is shown that the same converged results for the ground-state eigenvalue are obtainable at = 3.35 and 4.00 as well, at the cost of using higher truncation orders of 78 and 95, respectively. Therefore, cr = 3.25 may be regarded as a 'practical infinity' at which the best converged results are reached in an optimal way, and beyond which the size of the box does not play much more role any more. Obviously, cr depends on the required accuracy, the state number and the potential function in question. From table 3 , we see that if the required accuracy was about 25 significant figures then = 3.00 might have been taken as a critical radius. A more detailed discussion on cr can be found in [8, 13, 19] . The asymptotic nature of E n ( ) explains the reason of inaccuracy in the eigenvalues computed by Ley-Koo et al [2] . More specifically, the selected radius of confinement 31.74 which is, in their own words, '10 or 12 times the equilibrium internuclear separation r 0 in the Morse potentials', is too large. Indeed, it does not yield wholly exact results even though a huge matrix size of 600 × 600 is used. This can be attributed to the fact that if is taken to be much greater than a proper value so-called cr , then the matrix size required for convergence increases dramatically, and, hence, a rapid loss of precision occurs due to rounding errors [13, 19] . Consequently, the truncated interval or the confined system approach should be applied very carefully, and the confinement size has to be selected by mathematical arguments rather than the physical considerations.
Providing the von Neumann and Dirichlet problems in the box are solved exactly, we generate error bounds for the eigenvalues E of the original problem in the sense that
where E − and E + denote the eigenvalues of the von Neumann and Dirichlet problems, respectively, which are strictly increasing and decreasing functions of [10, 12] . On the other hand, Rayleigh-Ritz-type numerical solutions of the Schrödinger equation proposed in section 3 converge correctly to the exact solutions as N → ∞ for each > 0 [20, 21] . For finite values of N, it is well known that the confirming digits between two successive approximations are acceptable as the true digits of the exact solution, where N → ∞. In other words, the difference between the results of two consecutive truncation orders is a measure of the error in the determination of the exact solution. For instance, table 4 exhibits the rate of convergence of E − and E + as a function of the truncation order N at = 2.85. Hence, the results for = 2.85 in table 3 represent the true digits of the exact solution, which are recorded by way of inspecting the stable digits of the successive approximations in table 4 . In general, it should be noted that the truncated matrix eigenvalues of both the von Neumann and Dirichlet problems converge from above as N increases; however, they still give lower and upper bounds on the eigenvalues of the original Morse potential problem as long as their significant figures are taken into account. Furthermore, we see from table 3 that the N −truncated matrix eigenvalues yield converging lower and upper bounds for increasing values of . The two bounds coincide to 30 digits as approaches cr , where the last decimal points of the upper bounds are rounded up. Therefore, the double inequality in (4.1) then implies that the maximum uncertainty in our tabulated results for the critical confinement sizes is ±1 in the last decimal points. Finally, we have a few comments on the analytical solution presented in section 2. Essentially, the solution in (2.3) tends towards Morse's one, when the first parameter of the confluent hypergeometric function in (2.6) is equated to a negative integer giving the expression ν (2) in (1.12) for ν. In this case, the confluent hypergeometric function reduces to Laguerre polynomials L (2ν) n , and hence the solution in (2.3) satisfies the asymptotic boundary condition at ξ → ∞. In other words, the treatment of the confluent hypergeometric series by setting its first parameter as a negative integer is a necessity owing to the fact that the exponential factor exp(− In the physical domain, on the other hand, ξ remains finite with the end condition in (2.5). So there is no reason and no need of making y(ξ ) a polynomial due to the nonexistence of an asymptotic condition at infinity. As a result, the roots ν n of (2.7) do not satisfy exactly the relation ν n + 1 2 − 2 = −n in (1.12), which is obtained by Morse's approximation. However, it is shown from (2.9) that the parameter ν n is closely related to the eigenvalues E n . Furthermore, the accuracy of Morse's solution implies evidently that the actual values of ν n should not differ to a large extent from those of ν (2) in (1.12). From this point of view, it follows then that the estimation ν n = 2 − (n + ε n + for the zeros of the confluent hypergeometric function in (2.7) is quite plausible, where |ε n | 1. Despite the uselessness of our exact analytical solution in computing the eigenvalues, equation (4. 2) now provides us a further check on the accuracy of our results in an inverse procedure. Actually, numerical experiments with very small values of ε n , typically ranging from 10 −25 to 10 −40 , show that equation (2.7) can be satisfied to a very high accuracy, which clarifies once more the validity of Morse's approximation.
